Twisted trilayer graphene (TLG) may be the simplest realistic system so far, which has flat bands with nontrivial topology. Here, we give a detailed calculation about its band structures and the band topology, i.e. valley Chern number of the nearly flat bands, with the continuum model. With realistic parameters, the magic angle of twisted TLG is about 1.12
Introduction.-Flat bands with nontrivial topology is believed to be the key in realizing high-temperature fractional topological states in the absence of the magnetic field [1] [2] [3] [4] . Due to the quenched kinetic energy of the flat bands, the interplay between the Coulomb interaction and nontrivial band topology can induce novel topological strongly correlated electronic states [5, 6] . However, most of the studies so far are based on theoretical flat band lattice models. To find topological flat bands in real materials is still a big challenge for both theory and experiment.
In last few years, the flat bands in twisted bilayer graphene (BLG) have drawn lots of research interest. In twisted BLG, the twisting produces a long-period moiré pattern, and induce moiré bloch bands [7] . Importantly, near some magic angles, the bands near the Fermi level become nearly flat, and thus the Coulomb interaction begin to play a dominating role [8] . Recently, correlated insulating phase and superconducting phase in twisted BLG have been observed in experiment [9] [10] [11] , and a lot of efforts have been made to theoretically understand the correlated states in twisted BLG [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Very recently, several theoretical works point out the topological flat bands can be realized in the twisted chiral graphene multilayer systems, where two chiral stacked graphene multilayers are placed on top of each other with a small twisting angle [21] [22] [23] [24] [25] . The most studied example is the twisted double bilayer graphene (AB/AB and AB/BA), in which twisting can induce two nearly flat bands with nonzero valley Chern number. The Chern number can be further controlled by a perpendicular electric field. Interestingly, the twisted double bilayer graphene (BLG) has already been realized in experiment, and superconductivity and correlated insulating states are discovered near some magic angles [26] . Note that twisting induced topological flat bands are also predicted to exist in the trilayer graphene (TLG)/Boron-Nitride heterostructure [27, 28] .
In this work, we theoretically study a simpler topological flat band system, i.e.,the twisted TLG, where one graphene monolayer is stacked on the top of a graphene bilayer with a small twisting angle. The twisted TLG also has two topological nontrivial flat bands with electricfield controlled valley Chern number near the magnetic angle. We numerically calculate the band structures of the twisted TLG based on the continuum model [29] . Our main findings are: (a) Like the twisted BLG, twisted TLG also has some magic angles, near which the twisting can produce two nearly flat bands. The largest magnetic angle is about 1.12
• . (b) Unexpectedly, even with a graphene monolayer as a building block, twisting can open a small gap at all the Dirac points of the twisted TLG near the magic angle, including the Dirac points from the monolayer. Thus, near the magnetic angle, we get two separated nearly flat bands around the Fermi level. The twisting opened gap here depends the twisting angle θ, and can be enlarged by a perpendicular electric field E ⊥ . This is quite unlike the twisted BLG, in which a perpendicular electric field can not open a gap at the Dirac points belong to the graphene monolayer, due to the C 2 T symmetry. (c) Further calculations show that such two flat bands in the twisted TLG are flat Chern bands with finite valley Chern number, even in the absence of the perpendicular electric field. The valley Chern number of the flat bands here are sensitive to the relative small tight-binding parameters of the graphite, e.g. the triangle warping. Meanwhile, the flat band Chern number can be controlled by the θ and E ⊥ . Finally, because of the reduced symmetry of the twisted TLG resulted from its asymmetry stacking, we thus expect that the twisted TLG should have different topological correlated states from that in twisted BLG and double BLG.
Lattice structure.-As illustrated in Fig. 1 (a), we consider a twisted trilayer graphene, where one graphene monolayer (blue) is stacked on top of a AB-stacked bilayer graphene (red) with a small twist angle θ. At θ = 0, we get a AAB-stacked trilayer graphene, where 
, where l = t (b) denotes the Dirac point belongs to the top monolayer (bottom BLG). R(θ) is the rotation matrix, and θ t = θ/2 (θ b = −θ/2). ξ = ±1 is the valley index. For convenience, we define Fig. 1 (b) .
Continuum Hamiltonian.-To calculate the electronic band structure of the twisted TLG, we use the method in Ref. 8 , which was generalized to study the twisted multilayer graphene [21] [22] [23] [24] [25] .
With the Bloch basis (A 1 , B 1 , A 2 , B 2 , A 3 , B 3 ), the continuum Hamiltonian of the twisted TLG is a 6 × 6 matrix. For example, A 3 is the Bloch function of the carbon p z orbital on the sublattice A in the third layer [top blue layer in Fig. 1 (a) ], i.e., |k,
Ri∈A3 e ik·Ri |φ pz (R i ) . The continuum Hamiltonian of one valley is
where
is the Hamiltonian of AB-stacked BLG, the off-diagonal term T represents the coupling between the twisted graphene monolayer and bilayer, and U = diag(−V, −V, 0, 0, V, V ) is the perpendicular electric field induced asymmetry potential between layers.
For the AB-stacked BLG [30] ,
Here, g(k) represent the interlayer hopping in BLG,
where k ± = ξk x ± ik y , v 3,4 = √ 3aγ 3,4 /2 . γ 1 is the vertical hopping. γ 3 and γ 4 are smaller remote hopping, which corresponds to trigonal warping and electron-hole asymmetry, respectively. We also include the energy difference between dimmer and non-dimmer sites in BLG [30] , i.e.,
The morié interlayer coupling is T (r) = n=0,1,2 T n · e −iQn·r , where
Here, φ = 2π/3, ω 1 and ω 2 are the intrasublattice and intersublattice tunneling amplititude between the adjacent twisted layers, where ω 1 < ω 2 due to the atomic corrugations [31] . Note that, the hopping matrix T n couples the Bloch states from adjacent twisted graphene layers with the momentum difference Q n = R(nφ)
Topological flat bands with the minimal model.-Let us first consider a minimal model of the twisted TLG, where the smaller parameters of the BLG, i.e. γ 3,4 and ∆ ′ in Eq.(2), are ignored. As we will see, in twisted TLG, the topology of the twist induced flat bands (i.e the valley Chern number) are sensitive to the choice of these small parameters. Thus, the minimal model here is a good starting point.
The calculated band structures of the twisted TLG with different twisted angle θ are given in Fig. 1 (ch) . Generally speaking, the electronic structure of the twisted TLG near the Dirac points can be viewed as a combination of a AB-stacked BLG and a graphene monolayer [29] [see also in Fig. 1 (c) ]. For one valley in the morié Brillouin zone, there are two inequivalent Dirac points [K and K ′ in Fig. 1 (b) ]. The electronic states near K ′ is mainly located on the twisted graphene monolayer, where two linear bands form a Diarc cone like graphene. Meanwhile, there are two parabolic bands near the K points like the BLG, the electronic states in which are distributed on the BLG part of the twisted TLG. Similar as the twisted BLG, as the twisted angle is reduced, the two bands near the Fermi level narrows [see Fig. 1 (d) ]. At a magic angle about 1.12
• , these two bands become nearly flat[see Fig. 1 (d) ]. Note that twisting can open a small gap between the two parabolic bands near the K point [see in Fig. 1 (d) ]. The smaller θ is, the larger the gap is. These band features above are consist with the former understanding about the twisted TLG [29] .
Our calculations show some unusual characteristics of the band structure of twisted TLG. First, unlike the twisted BLG, the Dirac cone at K ′ from the top single layer is gaped by a twisting angle. Though this gap is tiny, it becomes distinguishable when θ approaches the magic angle, as shown in Fig. 1 (f), (h) . And the gap can be further enlarged by a perpendicular electric field E ⊥ . So, the two bands near the Fermi level in the twisted TLG are actually separated by the twisting, even in the absence of the perpendicular electric field. This is quite different from the case of twisted BLG, where the linear dispersion near the Dirac points of single layer graphene is always retained, and an applied E ⊥ only induce a potential difference between layers. Note that, in twisted BLG, the degeneracy at Dirac points are protected by the C 2 T symmetry, which is lack in twisted TLG.
The two flat bands in twisted TLG have nonzero valley Chern number. Due to the gaps at the Dirac points, we can numerically calculate the valley Chern number of each flat band C nξ , where n = e, h is the band index (electron band or hole band) and ξ = ± denotes the valley. We use the standard formula, where the Berry curvature is
]. (5) |u n is the moiré superlattice Bloch state, and E n is the corresponding eigenvalue. The Chern number of the nth band C n is calculated through C n = mBZ d 2 kΩ n ( k)/2π. In Fig. 1 (f) and (h), the black numbers are the calculated Chern numbers of the electron band (C e+ = 1) and hole band (C h+ = −2) in one valley (ξ = +1) with the minimal model. Note that, due to the time reversal symmetry, C n+ = −C n− . When θ is large, e.g. θ = 5
• in Fig. 1 (c) and (d) , the gap at K ′ is too tiny to be distinguished. We thus calculate the total Chern number of the two low energy flat bands. We find that C total = −1, as shown in Fig. 1 (d) . Note that, C total = −1 is always valid in the twisted TLG. Actually, there is a rule of the total Chern number in twisted chiral multilayer graphene, which is reported in a separated work by authors and collaborators [24] .
Influence of additional band parameters.-Since the bandwidth of the two central bands is narrow at small twist angle, the additional bands parameter of BLG, i.e. γ 3 , γ 4 and ∆ ′ , can essentially influence the behaviors of the two flat bands, thus change the band topology as well. So, when we consider the topology of the flat bands, the choice of these additional band parameters can give rise to different conclusions.
In Fig. 2 , we show the influence of the additional band parameters on the flat band topology. We first consider the trigonal warping γ 3 in Fig. 2 (a) . For the Chern number of the two central bands (C e+ , C h+ ), there is a change from (1,-2) to (-1,0), when we increase γ 3 from 0 to its realistic value about 320 meV. This is because that a band touching between the two central bands occurs when increasing the γ 3 . γ 4 and ∆ ′ can affect the band topology in the similar way. The change of Chern number resulted from γ 4 is illustrated in Fig. 2 (b) . Finally, we use two sets of tight-binding parameters of the BLG, which are commonly used in literatures [32, 33] , to calculate the band structure and valley Chern number of the twisted TLG [see Fig. 2 (c), (d)] . We see that a deviation of γ 4 less than 100 meV can lead to different predictions about the valley Chern number. In the following, we use the parameters in Fig. 2 (f) .
Phase diagram of Chern number.-Here, with realistic parameters, we calculate the valley Chern number of the twisted TLG as a function of θ and V . The calculated results are given in Fig. 3 . Importantly, the twisted angle θ and the perpendicular electric field E ⊥ (i.e., V) are all tunable in experiment, so that this phase diagram can be verified in further experiments.
In Fig. 3 (a) and (b), we change θ from 1.61
• to 1.05
• . As expected, twisting not only can modify the Chern number of each central bands, but also change the gap at the Dirac points. We further calculate the band structures with different applied potential V . Fig. 2 (c) and (d) show the bands with V = ± 20 meV, respectively. Note that, the twisted TLG is a asymmetrical stacking, i.e. a single layer on a bilayer. So, the effects of E ⊥ on the band structure depend on its direction, i.e. ±V give rise to different band structures. This is different from the twisted double BLG, in which E ⊥ with opposite direction will give the same band structure, due to its symmetrical stacking. Take the case of Fig. 3 (c) for example, the bandwidth of upper band is about 8.8 meV, and that of the lower band is about 30 meV. These are the typical bandwidth of the central bands in twisted TLG. With a finite V , the electron flat band becomes much narrower than the hole flat band, because of the electron-hole asymmetry [22] . Meanwhile, we see that the gap at K ′ is enlarged to 3.8 meV [ Fig. 3 (d) ] by an applied potential difference V = 20 meV, while its typical value is about 0.2 meV when V = 0 [ Fig. 1 (h) ].
Finally, we give the phase diagram of the valley Chern number for each central band in Fig. 3 (e) and (f). The calculated results illustrate that nearly flat bands (elec-tron or hole bands) with Chern number from -2 to 2 can be realized in the twisted TLG system with proper twisting angle and perpendicular electric field.
Summary.-We have theoretically shown that twisted TLG has two separated flat bands with finite valley Chern number, which can be controlled by the twisting angle and applied potential difference. Considering its simpler structure and different symmetry, we think that the twist TLG is also a promising platform to study the novel correlated states in topological bands, which should be of the equal importance as the twisted double BLG.
